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Abstract—This paper reports conservation laws for highly dispersive optical solitons in
birefringent fibers. Three forms of nonlinearities are studied which are Kerr, polynomial and
nonlocal laws. Power, linear momentum and Hamiltonian are conserved for these types of
nonlinear refractive index.
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1. INTRODUCTION

One of the most innovative extensions of optical soliton dynamics is the study of highly dispersive
(HD) optical solitons that was first conducted during 2019, and later a plethora of papers reported
a wide range of results [1-19]. Typically, this concept of HD solitons appears when, in addition
to the usual chromatic dispersion (CD), the effects from intermodal dispersion (IMD), third-
order dispersion (30D), fourth-order dispersion (40D), fifth-order dispersion (50D) and sixth-
order dispersion (60D) are taken into account. These additional dispersion effects would produce
pronounced soliton radiation. However, these effects are neglected in the studies and attention is
paid only to the discrete spectrum of the scattering data. Very recently, the study of HD solitons
has been extended to eighth-order dispersion along with eighth-order nonlinearity of the governing
model [17].
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The main governing model to study HD solitons is the nonlinear Schrédinger’s equation (NLSE)
that includes these six dispersion terms along with some form of nonlinearity. HD optical solitons
with NLSE as its governing model has been successfully studied in polarization-preserving fibers
with four forms of nonlinearity. They are Kerr law, polynomial law, quadratic-cubic law and nonlocal
law. In these cases, soliton solutions have been established and conservation laws are also secured [1-
10]. Later, the perturbed NLSE with HD solitons, both in the presence and absence of self-phase
modulation effects, have been studied with the aid of semi-inverse variational principle [11, 12].
Some introductory results on HD solitons in birefringent fibers have also been reported in [17].

The present paper continues the journey further along. It is devoted to the retrieval of
conservation laws for HD solitons in birefringent fibers that serves as an extension to the results in
polarization-preserving fibers. The method of multipliers [20-25] has been implemented to secure
the conserved densities of the model in birefringent fibers for three forms of nonlinearity. The case
of QC nonlinearity has been discarded since it is not possible to obtain them using this multiplier
method. Subsequently, the reported bright soliton solutions are utilized to obtain the conserved
quantities, for three nonlinear forms, from those reported conserved densities. The details are all
pen-pictured in the rest of the manuscript.

1.1. Governing Model

The NLSE that models highly dispersive optical solitons in a polarization-preserving optical
fiber is written as

. . . . 2
1qr + 141Gy + A2GQzs + 103Qzar T A4Qrrar + 105casrs + 06Qzazaas T F (‘Q| ) q= 07 (11)

where ¢(x,t) is a complex-valued function that represents the wave profile. The independent
variables x and t are spatial and temporal coordinates, respectively, and i = v/—1. The real-valued
coeflicients a; for 1 < j < 6 represent intermodal dispersion (IMD), chromatic dispersion (CD),
third-order dispersion (30D), fourth-order dispersion (40D), fifth-order dispersion (40D) and fifth-
order dispersion (50D), respectively. Finally, the functional F' accounts for the nonlinear form of
refractive index and

A (\qﬁ) qE€ U c* ((—n,n) X (—m,m) ;R2) .

m,n=1

For birefringent fibers, Eq. (1.1) splits into vector-coupled NLSEs that have the following structure:
iy + 10y + AU, + iaéumx + aiUppes + ia%ummz + aéummm +G <|u|2 , |v|2) u=0, (1.2)
v + ia%vm + a%vm + ia%vmm + aivmm + iagvmmz + agvmmm + H (|u|2 , |v|2> u=0, (1.3)

where the functionals G and H emanate from self-phase modulation (SPM) and cross—phase
modulation (XPM) effects. Also, the real-valued coefficients aé» for 1 < 7 <6 represents IMD,
CD, 30D, 40D, 50D and 60Dm, respectively, along the two components of birefringent fibers

for [ =1,2. The conservation laws for Eqgs. (1.2) and (1.3) will be now derived for four forms of
nonlinear refractive index after an introductory discussion on these laws.

2. PRELIMINARIES ON CONSERVATION LAWS

The role and methods associated with conservation laws are now well established and there have
been some momentous works in these areas recently, building on the contributions made by Noether
which generally dealt with variational problems, those that admit variational symmetries. It is not
surprising then that much of the recent works focused on generalizations as far as constructions
of conservation laws go, possibly nonvariational and preferably independent of a knowledge of
symmetries.

A vast amount and extensively cited works are due to Anco & Bluman in [20, 21], inter alia,
Anderson [22, 23], Kara & Mahomed [24]. The first of these deals extensively with the notion
of ‘multipliers’ that if a differential equation times a factor (differential function) is closed, then
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168 BISWAS et al.

the Euler operator annihilates this product so that finding conserved flows amounts to finding
the factors. It turns out that the multipliers are solutions of the adjoint equation. Of course,
one still needs to determine the corresponding conserved flows using, amongst others, homotopy
formulae [25].

Consider an rth-order system of partial differential equations (pdes) of n independent variables

s = (s1,82,...,8,) and m dependent variables u = (uy,us, ..., Uy) viz.,

E(§,U,U(1),...,U(r))20, u:1,...,7’7’L, (2.1)
where a locally analytic function f(s,w,u,...,u;) of a finite number of dependent variables
u, U, ..., u, denotes the collections of all first- , second- ..., kth-order partial derivatives and
s is a multivariable. That is,

u = D;(u®), ug; = DjDi(u®), . .. (2.2)
respectively, with the total differentiation operator with respect to s’ given by
0 o 0 o 0 .

In order to determine conserved densities and fluxes, we resort to the invariance and multiplier
approach based on the well-known result that the Euler—Lagrange operator annihilates a total

divergence. Firstly, if (%!, T*2,...) is a conserved vector corresponding to a conservation law, then

DaT '+ DpT2 4 ... =0 (2.4)
along the solutions of the differential equation E(s,u,uy,- ., u(y) = 0. Moreover, if there exists a
nontrivial differential function @, called a “multiplier”, such that
Q(s, u,uqry - - ) E(s,u, w1y, - - o Ugry) = Dy TS 4+ DT + .. ., (2.5)
for some (conserved) vector (7!, T*!,...), then
%[Q@, Uy Uy - VE(s, u, U(1)s - - - ,U(r))] =0, (2.6)

where % is the Euler operator. Hence, one may determine the multipliers using (2.6) and

then construct the corresponding conserved vectors; several approaches for this exist of which
the better known one is the “homotopy” approach. If the system of differential equations is
derived from a variational principle, then the conserved vector components are obtainable from
Noether’s theorem, which requires, firstly, the construction of variational symmetries (vector fields)

X = gsi 8‘21. + % that leave the action integral invariant. It is well known that the vector fields

that leave the system of differential equations invariant (generators of Lie point symmetries) contain
the algebra of variational symmetries if the latter exists. Conservation laws may be expressed as
conserved forms [23]. For example, if s = (¢, z), the conserved form would be

w= Ttz — T*d¢

(where (T, T%) is the conserved vector such that D, T + D,T% = 0 on the solutions of the PDE
E(z,t,u,uy, -, uey) =0 ). Here, T leads to the “conserved density” if t and x are time and
space, respectively.

3. KERR LAW

The NLSE for highly dispersive optical solitons with the Kerr law of refractive index along
polarization-preserving optical fiber is written as

1q + 101Gz + A2qze + 103Gzer + 04rere + 105000z + 069zazaze + 0 |(]|2 q=0. (31)
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The constant b is the coefficient of the Kerr law nonlinearity. For birefringent fibers, this model
splits up into two components as follows:

. . q 1 . q 1 1 1 1112 1112
iUy + 107Uy + A3Uzy + 103Ugze + QG Uzppre + 105 Ugrers + GgUszrrzs + (bl |u|” 4 bs |v] ) =0,

~ . 9 2 . 9 2 . 9 2 21 42, 12112
W + 107Uy 4+ a5Vze + 1050500 + A]Vszzr + 105 Vsr0ee + A§Vsrozs + (bl [v|* + b3 |ul ) v=0 (3.3)

after neglecting the effects of four-wave mixing (4WM). The constants bé- for I = 1,2 represent SPM
coefficients for j = 1 and XPM coefficients for j = 2.
Bright soliton solutions to (3.2) and (3.3) are [17]

20160a/ 62 Satkit —6atk® — 2abk
u(x,t) =< + ﬁ sech |x — 5 6 2
—3aik1? + dajk1® + ai
2011606‘16 och3 bz’ — 6agr1® — 2azk ei(—maetwit+ty) (3.4)
by + by —3(1%%12 + 4a}1/€13 + a%
20160a2 62 5akot — 6a2ke® — 242Ky
’U((I), t) = + ﬁ sech |x — 0 6 2
—3a3ko? + 4aika® + a?
22160&26 w3 | — baZky' — 6agrs” — 23y t] § eil-ramtwatica) (35
by + b5

—3a3ko? + 4aiko® + a?

In (3.4) and (3.5), k; and wj are the frequencies and wave numbers along the two components of
birefringent fibers, while (; are the respective phase constants for j =1, 2.

3.1. Conservation Laws

In the system above, we let © = p 4+ tw and v = ¢ 4 iz so that the system splits into a system of
four PDEs whose conserved flows (T, T%) are constructed using the multiplier approach. It turns
out that for arbitrary values of the parameters we have a single multiplier @ = (—p, —¢q, w, z) giving
rise to the conserved vector

1
Tt = —§(p2 +w® +¢° + 2%),

T = _p:c:c:c:caé Wy + q:c:c:czai - Z:c:czag - q:c:cai Zy + pzxza% Pz — chmczag
- quag + pzxzaé Wya — w:c:c:ca(li Pxa — p:c:cazll Wy — Z:c:c:cqa?l - szzzag Zg
+ szza% Zxx — wa:a:a:a:xpaé + prrrwa}; + mea% qx — erqag - wa:a:xpazll + wzzza% Wy
- pa:a:a:a:paé + quxag Qe — errrrqag - wrpa% + QIza% + wa:a:a:aja(lj Pz — prrpaé

2 1 2 1 2 1
+ Qrorrr?0f — WrrppzWas + Zpp0y Qu + P2W0s — Zpprlg Qe + WaaQy Pe — Qrrreqds
1 1 1 1
2 1 1 2 1 2 2 21
+ ZpzaQy 2 + PraoceaWls — WrpWaz — 52 ay — §q a2 — ip al — §w aj
1 2 2 1 1 2 1 2 1 2

2 1
— 70a5 2z — 7045 Wgxy — Z054zx — 7045 Pzx
2°° 2°° 2°° 2°°

(3.6)

1 1 1 1

+ §CI§ 2 + 561;13 w,” + 5(1% 0> + ia:lgsz-

Here, a corresponding power density of the complex system is
= Juf? + ol
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If b} = b3, then momentum and total power are conserved, giving rise to the following conserved
densities 7% and/or fluxes T%:
Linear momentum

. 1 1 1 1
T° = — |:—§qu - ip:cw + §qu + iwzp]a

1 1 1 1 1
T = _Z:c:c:cai Zy + w:c:c:c:ca(lj Wre — 5&% Z:c:c:c2 - 50,(15 wmch - Ea% q:c:c:c2 + 5th + §pwt
1 1 1
+ §aipm2 — 5@% ZIQ — ia% wgc2 + 5@?1 zm2 + ia}l wm2 + 5@2 qm2
1 1 1 1 1
- 50,% qSC2 - ia% p:c2 - 52% - §wpt - 50% pmcx2 - p:c:c:c:caé Wy + szzza% Qxx

2 1 1 2 2 1
— Zyzazrag 2o — WrrzOs Pre + Prazels Pre — Qrazzls 22 — Qraay o + Wepea G5 Py
2 1 1 2 1 1 2
+ Qraa05 2o0 — Weprrrls Wy + Wepd3 Pe + 22203 @z — WeprGy Wy — PearGy Pr + Zeacads Qo

2 1 1 2 2 2 1
+ Zoaaag Zox — Prrrzrzlg Pz T Preals Wer — Qra03 22 — Qeocrz0s Qe — Zoxz@s Qe — Prals Wy

1 1 1
— —z2b — —z2b% p? - §w2b% p? - 5221)% 7
1 1 1 1 1
- bt - —b P g @thip? A - Swhiet - by
(3.7)
Momentum density:
O = T(u*uy) + Z(v*vy).
Hamiltonian:
N Iy Iy Ly Ly Ly
T = izafy Qrrrzr T iwa(; Wyzzzrr + ipazl Praza + ipa6 Praazzr + §pa2 Pxx — §qa2 Zx
1 1 1 1
+ §qa% Qrrrzzs + 511&421 Qrxxx — 5]9(1% We — 5]9(1% Wygy + §wa411 Wrrrr — 1/2 pa% Wrrrrr
1 5 1 5 1 5 1 1 1
+ 52612 Zyx + 5(]@2 Qe — Eqa5 Zygxrr T Ewa2 Wyg + 5211(15 Prazzr + 5211(11 Pz
+1 2 +1 2 _|_1 1 15 +1 2 _|_1 1 (3:8)
2 20¢ Zrrrrr B 203 Qoo B 209 (g B qas Zygo B 2Qy Zyrrx 2’LUCL3 Pz
+ z2b2w + 2:2b2p2 + 2w2b1p2 + z2b2 2
+Zb% - blv + qb 24 blz + wa 24 blp,
where
P! = 1[—all(u*u ) — AT (0 ugs) — aiT(u*u ) — a?Z(v*v,) — a2 (V Vgaa) — a2Z (VY0 )
= 9 1 T 3 TTT 5 TTTTT 1 T 3 TxT 5 TXTTT
+ a%R(uu; ) + a4R( :c:c:c:c) + aﬁn(uu:c:c:c:c:c:c) + GQR(U’U ) + a47?’(uu:c:c:c:c)
+ QGR(uurrrrrr) + §b“u|4 + §b%|’l)|4 + b%‘u|2‘v‘2] .
Therefore, the conserved quantities are
o0
P= ( 2 2)d =80 a2y 3.9
| () do = 55 (42 + 43). (39)
[ * * * * 86 2
M = 22/ {(u*uy —uul) + (vvy — o))} doe = (K1 A7 + Ko A3) (3.10)
— 158
and
o0 o0 o0
H = iaj / () — u*u,) dr — ad / (uu, + u ug,) doe — ia} / (u) e — U lyyy ) da
—0Q — 00 —0Q
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0o 0o
1 * * -1 * *
- (14/ (uu:c:c:c:c +u uﬂ?mﬂ?ﬂ?) dr — tag / (uu:c:c:c:c:c —u uﬂ?ﬂ?mﬂ?ﬂ?) dx

—0o0 —0o0

oo o0 [e.9]
1 * * . 2 * * 2 * *
— ag / (U — W Ugzgzar) AT + 107 / (vvy — v*u,) dx — aj / (vvr, + V V) do

—00 —00 —0o0

o0 o0
- 2 * * 2 * *
—iag / (Vs — UV Vgag) dT — a4/ (VU iy F UV Vga) d

—00 —00

00 00
. 2 * * 2 * *
—aj / (Uvrrrrr —v Uﬂ?ﬂ?ﬂlﬂ?ﬂ?) dr — ag / (’Uvazaxmajam: -v UIIIIII) dx

— 00 —00

—b;/ |uﬁdm—b%/‘ wﬁdx—bg/ (uf? [o]? dz

A
34658
— aj (33111 + 58806k7 B® + 3729B") — atry (3311k] + 98010k B* — 186458*)
+ ag (3311k5 + 147015k1 B? + 5935k7 B* + 40861B°) }|
443
3465B
— aj (33113 + 58806k3 B + 3729B*) — a2k (3311k3 + 98010k3 B? — 186458*)

+ ag (3311k3 + 147015k5 B* + 5935k3 B* + 40861B°) }|

5804
3858

[3{3311ajk1 + ab (3311kT + 9801B%) + ajr (3311k7 + 29403B%)

+ [3{3311alrs + a3 (3311k3 + 9801B%) + a3ks (3311k3 + 29403B7)

(b1 AT + bTA3 + b3ATA3) (3.11)

which represent the total power, linear momentum and the Hamiltonian, respectively. In (3.9)—
(3.11), the parameters A; for j = 1,2 are the amplitudes of the solitons along u and v components
and B is their inverse width.

4. POLYNOMIAL LAW

The NLSE with polynomial (AKA cubic-quintic-septic) law for polarization-preserving fibers is
cast as

iQt + iGIQr + a2Qzr + ia3qu + 04Qraas + ia5qg393939393 + a6Qrrzare T (bl |(]|2 + by |Q|4 + b3 |Q|6) q= 0.

(4.1)
The constants by, by, bg come with cubic, quintic and septic effects, respectively. For birefringent
fibers, this NLSE is split. The two components are now written as

tuy + ia%ux + a%um + iaéuxm + a}lumm + ia%uxmm + aéummm + (bh \u|2 + bb \U\Q) U
(031l + 8 [l ol + 035 ol ) w+ (b3 [l + 6 fuf* [of? + b Jul® [o]* + b, Jo]®) w =0,
(4.2)
v + ia%vz + a%vm + ia%vzm + aivmm + iagvxmm + agvmmm + (b%l \U\Q + b%Q |u|2) v

(31 [0f* + b3 [0 [ul® + B35 Jul*) v+ (831 [ol® + 63 fol* ful” + b ol ul* + b3, ul®) v = 0.
(4.3)
The constants b]p b]p b]1 and b]12, b§2, b§3, b;’Q, b]3, b]4 are effects from SPM and XPM, respectively,
for 7 = 1,2. In this case, 4WM effect is discarded.
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Bright solitons for (4.2) and (4.3) are [17]

15k1%ag — 10ai k13 + 300k1%ad — 6r12a)

2
—100ai k1 + 3adky + al + 616a8 — 20a}
u(z,t) =+
bly + 01y
1,4 1,5 1
X sech bazkr — Baghi” = 2a5k1 t| efl-matut+a) (4.4)
—3a§ﬁ12 + 4a}lm13 + a%
15k9% a6 — 1Oa5f£2 + 300k22 a6 6&22613
(@, —100a3k2 + 33k + a3 + 616a2 — 20a3
v
b3y + b3y
2,4 2,..5 2
x sech bagky” — Gaghy” — 2a3k2 t| eflmremtuntsGs) (4.5)
—3a2ko? + dadro® + a?

4.1. Conservation Laws

In general, the conserved density of the complex system is
= uf* + Jv].

For b}, = by, b3y = b4, b3, = 2033, b3y = $b3,, b3, = 3b3, and b}, = b22, the conserved momentum

density is

d' = T(u*ug) + Z(v*v,)

and the conserved Hamiltonian density, in terms of p, w, q and z is

= bgp4z4+ b21q + = b21q + bnp + b21q + - bnp + bnp + 2%b33 pPw?q?

6 8 6 8

+6b22 64 - b33w4z4+ z2b34w + - b +§b31 w8+—w2b 2t 1

1 1 1
+§w2b PO+ = bupw +6w b3y q +1/2b23w q + q2b21p + = q2623p +2qb4p6

w2b22 q

1 1
+ —b22p q + §z2b%1 q4 + —z2b23p4 + —z2b34p6 —I— -z b31 q + —b21 q A4 —b%2p2z4

3 1
+ - b21q A4+ 2 bglqz + 2za2qx
1

1
P05 Wegpzs +

2

6b22p2 + b24w q + = bllpw + b23w q +

1 1
~Wag Wegrrrr + Way Prarrx

2

_wa4 Wegrr T

1
_pa4 Prxxx + 2

1
+ §pa6 Praxxxxx — 2

5
1 1 3
2wa1pz + 2w2b11P + w2b21 q-+ bllp w' + b22P q°
+ — b%?, p4q4 - _qa% Zy — lpaé Wyxx — lpa% Wy + 1pC’/Q Pra + 1qa/(j Qrzrarzs T lqai Qe
4 2 2 2 2 2 2
1 1 1 1 1 1 1
- §qa§ Zrxxrr T 5221)51 q2 + Eqa% Quea — 561@% Zyxx + 5221)51 p2 + 5261% Zyzzrrr T 5'2(1% Qrzzax

1
wa3 Y +

+ wa2 Wey + 5

2 6

1
z2b2p2q2—|— b22pqz + b22qu

1
+ 22&4 Zygxr T 22(13 Qrzx + 22&% Zex + = B

1 1 1 1
+ — b23 p2w2z4 + 2,2 b22 w2q2 + z2b%3 p2w2 + §z2b22 p2q + 5221322 w q + §z2b‘33 ]94(12
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3 5 3 5 3
+3 22523wq + sz4pw + Zb24pw +w?b3s pPq® + Wb24pq + Wb23pq

3 1 1
+ 2 b24p2w4q2 + = 2263 w? 4+ Z 2203wt + —bfl w® + Zbél 25+ —b21 25+ —b 5+ bll w?

2 2 6 6 82
so that 1 (4. 6)
ot — -3 [all(u ug) + agI(u Ugza) + a5I(u uxmm)] 2 [aQR(uum) + a4R( Uy o)
+ agR(uu )] — 1[alI(v*v ) + a3T (v Vpee) + a2 (V0 )]+ 1[(LQR(UU* )
6 e 92 2 T 3 TTT 5 TLTTT xT
1 1
+a4R( mcmc) + aﬁR(UU:c:c:c:c:c:c)] + ib%2|u|2|v|2 + _b 1| |4 + b 1| |6 + b l|u|8
1
134|U| Hol* 4 < b 511v/° + —b§1|v|8 +h Tolul*|v® + 5 b Salvl* |u|2 + 5 b 5o lul?[v]®
4|U| Olof* + < b 5 lul*[v[*.
Thus, the conserved quantltles are
o0
2
P [ (P + o) do = (4} + 43). (4.7)
— 00
o0 2
= 22’/ {(u ug —wul) + (v, —ovv)) b de = B (K147 + K2 A3) (4.8)
—00
and . . .
H=12 [wl / (uu’ — u*ug) der — ad / (uu, +u ug,) dr — ia} / (u) e — W lyyy ) da
— 0 —00 -
o0 o0
- a}l/ (U g + U U ) dT — iaé / (U e — W Upgzgr) AT
;OOO o o0 o0
—aé / (U e — W Uprgrrs) AT + ia% / (vv) — v v,) da — a% / (vvy, + v 0, do
—00 —00 —o0

[e.e] [ee] o
. 2 * 2 * * . 2 %
—za3/ (VU — V V) dx — af / (VU3 ppy + V' Vpgas) dv — dag / (VU g — VUV Vgzaze) dT

—0o0 —0o0 —00
a2 [ ( * d 6ot [ juftde+ a0, [ julfdz e [ ulfd
6 chc:c:c:c:c:c v UIIIIII) T| + 11 |u| T+ 11 |u| T+ 11 |U| €xr
—0o0 —00 —00 —00

+6b;1/ \v\4dx+4b§1/ |v|6da:+3b§’1/ |v|8da;—12b}2/ ul? |v|? da:

3 3 a4 o [T 2 1 1 [0 a2
—6 (b13 + b23) |u|™ |v|* dz — 6bs, |u|” |v|™ dz — 6byy lu|™ |v|* dz
— 00 —0Q —0oQ

1263 7l 6 dx — 1203 ol 24
— 1205 lu|” [v]” dx — 12by, [ul” [v|* dx
—00 —00

4843
~ 105B

— 35atk1 (37 + 1083 B 4+ TB*) + 5ag (21k8 + 10561 B* + 147k3 B* + 31B°%) }]
48 A2
_|_

1058
— 3bajks (35 + 1083 B% + TBY) + 5ag (215 + 105k5B% + 147k3B* + 31B°) }]

1
~ 1B [8AT (105by, + 56b3, AT + 36b7, A7) + 8A3 (105b3; + 56b3, A3 + 36b3; A3)
+48ATA3{35b1,+12 (b5 +biy) ATAS} +6T2AT A3 (b3, A3 +b1,AT) +1152AT A3 (b3, A3 +b3,AT)] .
(4.9)

[{105a1k1 + 35a3 (37 + B?) + 105a3k (k1 + B?) — Tay (15k1 — 30xk1B* + 7B*)

[{105a1ks + 35a3 (3k3 + B?) + 105a3ks (k5 + B*) — Taj (15k5 — 30k3B* + 7B*)
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5. NONLOCAL LAW

The NLSE in polarization-preserving fibers with the nonlocal law is

. . . . 2
1qt + 1019y + a2qzy + 103Gezs + 04Qzrze + 105Qz000e + 6Qearrce T b (‘Q| > q = 0. (51)
rx
The constant b accounts for nonlocal nonlinearity. For birefringent fibers, the split components are
. . . . 2 2
Uy + Za%ux"i_ a%ums'i_ Za:liuzmc'i_azlluzmcz'i_ Zaéuzxzzx""aéux:m:mx'i_ {b% (‘u| > +b% (|7}| > } u=0,
xrx xrx
(5.2)

- . 9 2 . 9 2 . 9 2 2 2 2 2
iU 4 1070y + a5Vze + 1050500 + QVUzzee + w5vmzm+a67}mmm+{bl (\v| > + b5 (\u| > }1)20.
rx rx

(5.3)
The constants bg- for [ = 1,2 represent SPM coefficients for j = 1 and XPM coefficients for j = 2.

Bright solitons to (5.2) and (5.3) are [17]

252 als” 25205 o | [ Sakmit—Gadk® — 2akm
1 1
by + by —3aik1? +4dajri® +al
x el(—maztwit+c) (5.4)
252 a2 26203 o | [ Badmat —6agns® — 203k
2 2 2 2
by + by b3 + by —3ako® + 4a3ko® + a?

« ez‘(—ngx+w2t+C2). (55)

5.1. Conservation Laws

In the system above, we let u = p + iw and v = ¢ + iz, so that the system splits into a system of
four PDEs whose conserved flows (1%, T%) are constructed using the multiplier approach. It turns
out that for arbitrary values of the parameters we have a single multiplier @ = (—p, —q, w, z) giving
rise to the conserved density

1
AT VNI N} (56

so that a corresponding conserved density of the complex system is
= |ul? + |v]?.

If b} = b3, then the momentum and the Hamiltonian are conserved, giving rise to the following
conserved densities T":

Linear momentum:

1 1 1 1
T = — —50? ~ 5PaW + 5Zq + WP (5.7)

and the momentum density is
' = T(u uy) + Z(v*vg).
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Hamiltonian:
t 1 1 2 1 2 1
T = 5211(15 Praxxx — 2(]@2 Zz + 22&4 Zygxx T 2w b pr + ’LU b2 Zz + 2’LUCL1 Pz
9 1 1 1 1
+ 2]9 b2 QI + q b1 Zz + 2(]@6 Qrzzrzr T 2,2(12 qx + 2]9(16 Parzrzze + p b2 Zz

1 1 1
+ 5 q2b2ppm: + 2w2b2 2Zrx + 2w2b QQzz + ’LU b1 PPzz + 3 q2b2 WWgy

1 1 1 1 1
+ p2b1 WWgy + q bl 22z t+ p2b2 Qqzz + §Z2b% PDza + 5221)3 WWyya

+ 22261 G2z + %prg 22 + %qai Qoazz + %waé Paaz + %qag oo + %waé (T — 655
- %pal Wy + ;pag Paa + 61 ¢ Gae + q2b2 wa” + blp Paa — %paé Waze |
+ 2q2b2px + 2wa4 (T— ;qag Zzos + ;U)sz @+ = q261 @ + p2b1 P
+ ;pa4 Przzz + 225@% Zrzzzzr T 22a3 Qrzz + 5 b1 2By + ;»2251 2>
+ 2sz2 wy? + = z261 4’ + = sz2 pa’ + ;zag, Qrzazs + ;zag Zazs
so that
P = % [—aiZ(u*ug) + ayR(uar),) — a3 (u*tags) + AR (utthyy) — a3 T (4 hggaan)

+ aéR(uu;rrrrr) - a2I(U*U$) + a%R(U’U;r) a3I(U Uﬂ?ﬂ?ﬂl) + (I4R( a:a:a:a:)
- GSI(U Vrzzzx) + QGR(UU:c:c:c:c:c:c) + bﬂu|2\ux|2 + b%|”| |Ux‘2 + bg(w‘ ‘vx|2 + ‘U‘Z‘UIP)
+ 05 ([ulPR(voy,) + [vPR(uu,)) + b [ul*R(ui,) + b o R(vvg,)].

In this case, the conserved quantities are

p- / ul? + Jof?) dz = (A2+A2) (5.9)

[e.e]
4
= 21’/ {(u ugy —uu}) + (v, —vvl)}do = 3B (k1AT + Ko A3) (5.10)
—0o0
and
[e.e] [e.e] o
H = iai / (uu)y — u*uy) de — a%/ (uul, + u ug,) de — iaé/ () — WUy ) da
—00 —00 —0
o0 o0
—ay (U gy + U ) d — i / (WUyprpe — U laozas) dT
—0o0 —0o0

[ee] o o0
1 * * . 2 * * 2 * *
—ag / (U)o — W Upgzars) AT + 107 / (v —v*v,) dx — aj / (vv}, + V Vg, ) dx

—00 — 00

oo o0 [e.9]
. 2 * * 2 * * . 2 %
—iaj / (VU — V Ve ) dx — af / (VU gy + V' Vpga) dv — iag / (VU g — VU Vgzaze) dT

—00 —0o0 —00

o0 (oo}
— a% / (VU pwwzw — UV Vazzars) AT — b% / |u\2 {|ux\2 + (uul, + u*um)} dx
— 00

[e.e]
8 [ ol {Jenl? o out+ ) d = 8 (|0l e fof )

—00
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2
= ;‘2}3 [{210a1k1 + 42a3 (57 + 4B*) + 42a3k, (5k7 + 12B%) — 6ay (35x1 + 168k7 B* + 80B")
— 30ask1 (7k] + 56k1B? + 80B*) + 6ag (35k% + 420k1 B® + 1200k B* + 448 B°) }]
2

+ 341;1% [{210a% ko +42a3 (5k3+4B%) +42a3ko (5k3+12B%) —6a] (35k3 + 168K3B% + 80B*)
— 30a2ks (Tk3 + 56k3 8% + 80B*) + 64 (355 + 420k3 B + 1200k3 B* + 448 B%) }|

32
T {b1 A% (957 + 20B?) + b A3 (9x3 + 20B?) + 3b3 AT A3 (3k] + 3k3 — 4B7) }.

6. CONCLUSIONS

This paper secures conservation laws for HD solitons in birefringent fibers that have three

forms of nonlinear refractive index. They are Kerr law, polynomial law and nonlocal law. The
three conservation laws that emerge with the application of multiplier scheme are power, linear
momentum and Hamiltonian. The conserved quantities are computed from the bright 1-soliton
solutions that have been reported in an earlier work [17]. Later, this work needs to be extended
further. The next avenue to move to is to address the model with DWDM topology. Thus, HD
solitons will be addressed with DWDM topology and finally their conservation laws will be studied.
Hence, there is a lot up on the table for grabs. Those results are currently awaited.
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