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Abstract—This paper reports conservation laws for highly dispersive optical solitons in
birefringent fibers. Three forms of nonlinearities are studied which are Kerr, polynomial and
nonlocal laws. Power, linear momentum and Hamiltonian are conserved for these types of
nonlinear refractive index.
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1. INTRODUCTION

One of the most innovative extensions of optical soliton dynamics is the study of highly dispersive
(HD) optical solitons that was first conducted during 2019, and later a plethora of papers reported
a wide range of results [1–19]. Typically, this concept of HD solitons appears when, in addition
to the usual chromatic dispersion (CD), the effects from intermodal dispersion (IMD), third-
order dispersion (3OD), fourth–order dispersion (4OD), fifth-order dispersion (5OD) and sixth-
order dispersion (6OD) are taken into account. These additional dispersion effects would produce
pronounced soliton radiation. However, these effects are neglected in the studies and attention is
paid only to the discrete spectrum of the scattering data. Very recently, the study of HD solitons
has been extended to eighth-order dispersion along with eighth-order nonlinearity of the governing
model [17].
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The main governing model to study HD solitons is the nonlinear Schrödinger’s equation (NLSE)
that includes these six dispersion terms along with some form of nonlinearity. HD optical solitons
with NLSE as its governing model has been successfully studied in polarization-preserving fibers
with four forms of nonlinearity. They are Kerr law, polynomial law, quadratic-cubic law and nonlocal
law. In these cases, soliton solutions have been established and conservation laws are also secured [1–
10]. Later, the perturbed NLSE with HD solitons, both in the presence and absence of self-phase
modulation effects, have been studied with the aid of semi-inverse variational principle [11, 12].
Some introductory results on HD solitons in birefringent fibers have also been reported in [17].

The present paper continues the journey further along. It is devoted to the retrieval of
conservation laws for HD solitons in birefringent fibers that serves as an extension to the results in
polarization-preserving fibers. The method of multipliers [20–25] has been implemented to secure
the conserved densities of the model in birefringent fibers for three forms of nonlinearity. The case
of QC nonlinearity has been discarded since it is not possible to obtain them using this multiplier
method. Subsequently, the reported bright soliton solutions are utilized to obtain the conserved
quantities, for three nonlinear forms, from those reported conserved densities. The details are all
pen-pictured in the rest of the manuscript.

1.1. Governing Model

The NLSE that models highly dispersive optical solitons in a polarization-preserving optical
fiber is written as

iqt + ia1qx + a2qxx + ia3qxxx + a4qxxxx + ia5qxxxxx + a6qxxxxxx + F
(
|q|2

)
q = 0, (1.1)

where q(x, t) is a complex-valued function that represents the wave profile. The independent
variables x and t are spatial and temporal coordinates, respectively, and i =

√
−1. The real-valued

coefficients aj for 1 � j � 6 represent intermodal dispersion (IMD), chromatic dispersion (CD),
third-order dispersion (3OD), fourth-order dispersion (4OD), fifth-order dispersion (4OD) and fifth-
order dispersion (5OD), respectively. Finally, the functional F accounts for the nonlinear form of
refractive index and

F
(
|q|2

)
q ∈

∞⋃
m,n=1

Ck
(
(−n, n)× (−m,m) ;R2

)
.

For birefringent fibers, Eq. (1.1) splits into vector-coupled NLSEs that have the following structure:

iut + ia11ux + a12uxx + ia13uxxx + a14uxxxx + ia15uxxxxx + a16uxxxxxx +G
(
|u|2 , |v|2

)
u = 0, (1.2)

ivt + ia21vx + a22vxx + ia23vxxx + a24vxxxx + ia25vxxxxx + a26vxxxxxx +H
(
|u|2 , |v|2

)
u = 0, (1.3)

where the functionals G and H emanate from self–phase modulation (SPM) and cross–phase

modulation (XPM) effects. Also, the real-valued coefficients alj for 1 � j � 6 represents IMD,

CD, 3OD, 4OD, 5OD and 6ODm, respectively, along the two components of birefringent fibers
for l = 1, 2. The conservation laws for Eqs. (1.2) and (1.3) will be now derived for four forms of
nonlinear refractive index after an introductory discussion on these laws.

2. PRELIMINARIES ON CONSERVATION LAWS

The role and methods associated with conservation laws are now well established and there have
been some momentous works in these areas recently, building on the contributions made by Noether
which generally dealt with variational problems, those that admit variational symmetries. It is not
surprising then that much of the recent works focused on generalizations as far as constructions
of conservation laws go, possibly nonvariational and preferably independent of a knowledge of
symmetries.

A vast amount and extensively cited works are due to Anco & Bluman in [20, 21], inter alia,
Anderson [22, 23], Kara & Mahomed [24]. The first of these deals extensively with the notion
of ‘multipliers’ that if a differential equation times a factor (differential function) is closed, then
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the Euler operator annihilates this product so that finding conserved flows amounts to finding
the factors. It turns out that the multipliers are solutions of the adjoint equation. Of course,
one still needs to determine the corresponding conserved flows using, amongst others, homotopy
formulae [25].

Consider an rth-order system of partial differential equations (pdes) of n independent variables
s = (s1, s2, . . . , sn) and m dependent variables u = (u1, u2, . . . , um) viz.,

E(s, u, u(1), . . . , u(r)) = 0, u = 1, . . . , m̃, (2.1)

where a locally analytic function f(s, u, u1, . . . , uk) of a finite number of dependent variables
u, u1, . . . , uk denotes the collections of all first- , second- ,. . . , kth-order partial derivatives and
s is a multivariable. That is,

uαi = Di(u
α), uαij = DjDi(u

α), . . . (2.2)

respectively, with the total differentiation operator with respect to si given by

Di =
∂

∂si
+ uαi

∂

∂uα
+ uαij

∂

∂uαj
+ . . . i = 1, . . . ,m. (2.3)

In order to determine conserved densities and fluxes, we resort to the invariance and multiplier
approach based on the well-known result that the Euler – Lagrange operator annihilates a total
divergence. Firstly, if (T s1, T s2, . . .) is a conserved vector corresponding to a conservation law, then

Ds1T
s1 +Ds2T

s2 + . . . = 0 (2.4)

along the solutions of the differential equation E(s, u, u(1), . . . , u(r)) = 0. Moreover, if there exists a
nontrivial differential function Q, called a “multiplier”, such that

Q(s, u, u(1) . . . )E(s, u, u(1), . . . , u(r)) = Ds1T
s1 +Ds2T

s2 + . . . , (2.5)

for some (conserved) vector (T s1, T s1, . . .), then

δ

δu
[Q(s, u, u(1) . . . )E(s, u, u(1), . . . , u(r))] = 0, (2.6)

where δ
δu is the Euler operator. Hence, one may determine the multipliers using (2.6) and

then construct the corresponding conserved vectors; several approaches for this exist of which
the better known one is the “homotopy” approach. If the system of differential equations is
derived from a variational principle, then the conserved vector components are obtainable from
Noether’s theorem, which requires, firstly, the construction of variational symmetries (vector fields)

X = ξs
i ∂
∂si

+ ηu
α ∂
∂uα that leave the action integral invariant. It is well known that the vector fields

that leave the system of differential equations invariant (generators of Lie point symmetries) contain
the algebra of variational symmetries if the latter exists. Conservation laws may be expressed as
conserved forms [23]. For example, if s = (t, x), the conserved form would be

ω = T tdx− T xdt

(where (T t, T x) is the conserved vector such that DtT
t +DxT

x = 0 on the solutions of the PDE
E(x, t, u, u(1), . . . , u(r)) = 0 ). Here, T t leads to the “conserved density” if t and x are time and
space, respectively.

3. KERR LAW

The NLSE for highly dispersive optical solitons with the Kerr law of refractive index along
polarization-preserving optical fiber is written as

iqt + ia1qx + a2qxx + ia3qxxx + a4qxxxx + ia5qxxxxx + a6qxxxxxx + b |q|2 q = 0. (3.1)
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The constant b is the coefficient of the Kerr law nonlinearity. For birefringent fibers, this model
splits up into two components as follows:

iut + ia11ux + a12uxx + ia13uxxx + a14uxxxx + ia15uxxxxx + a16uxxxxxx +
(
b11 |u|2 + b12 |v|2

)
u = 0,

(3.2)

ivt + ia21vx + a22vxx + ia23vxxx + a24vxxxx + ia25vxxxxx + a26vxxxxxx +
(
b21 |v|2 + b22 |u|2

)
v = 0 (3.3)

after neglecting the effects of four-wave mixing (4WM). The constants blj for l = 1, 2 represent SPM

coefficients for j = 1 and XPM coefficients for j = 2.

Bright soliton solutions to (3.2) and (3.3) are [17]

u(x, t) =

⎧
⎨
⎩±

√
20160a16δ

2

b11 + b12
sech

⎡
⎣x−

⎛
⎝ 5a15κ1

4 − 6 a16κ1
5 − 2 a12κ1

−3a13κ1
2 + 4a14κ1

3 + a11

⎞
⎠ t

⎤
⎦

±

√
20160a16
b11 + b12

sech3

⎡
⎣x−

⎛
⎝ 5a15κ1

4 − 6 a16κ1
5 − 2 a12κ1

−3a13κ1
2 + 4a14κ1

3 + a11

⎞
⎠ t

⎤
⎦
⎫
⎬
⎭ ei(−κ1x+w1t+ζ1), (3.4)

v(x, t) =

⎧
⎨
⎩±

√
20160a26δ

2

b21 + b22
sech

⎡
⎣x−

⎛
⎝ 5a25κ2

4 − 6 a26κ2
5 − 2 a22κ2

−3a23κ2
2 + 4a24κ2

3 + a21

⎞
⎠ t

⎤
⎦

±

√
20160a26
b21 + b22

sech3

⎡
⎣x−

⎛
⎝ 5a25κ2

4 − 6 a26κ2
5 − 2 a22κ2

−3a23κ2
2 + 4a24κ2

3 + a21

⎞
⎠ t

⎤
⎦
⎫
⎬
⎭ ei(−κ2x+w2t+ζ2). (3.5)

In (3.4) and (3.5), κj and ωj are the frequencies and wave numbers along the two components of
birefringent fibers, while ζj are the respective phase constants for j = 1, 2.

3.1. Conservation Laws

In the system above, we let u = p+ iw and v = q + iz so that the system splits into a system of
four PDEs whose conserved flows (T t, T x) are constructed using the multiplier approach. It turns
out that for arbitrary values of the parameters we have a single multiplier Q = (−p,−q, w, z) giving
rise to the conserved vector

T t = −1

2
(p2 +w2 + q2 + z2),

T x = −pxxxxa
1
6 wx + qxxxza

2
4 − zxxza

2
3 − qxxa

2
4 zx + pxxxa

1
5 px − zxxxxza

2
5

− zxqa
2
2 + pxxxa

1
6 wxx − wxxxa

1
6 pxx − pxxa

1
4wx − zxxxqa

2
4 − qxxxxa

2
6 zx

+ qxxxa
2
6 zxx − wxxxxxpa

1
6 + pxxxwa14 + zxxxxa

2
6 qx − qxxqa

2
3 − wxxxpa

1
4 + wxxxa

1
5wx

− pxxxxpa
1
5 + qxxxa

2
5 qx − zxxxxxqa

2
6 − wxpa

1
2 + qxza

2
2 + wxxxxa

1
6 px − pxxpa

1
3

+ qxxxxxza
2
6 − wxxxxwa15 + zxxa

2
4 qx + pxwa12 − zxxxa

2
6 qxx + wxxa

1
4 px − qxxxxqa

2
5

+ zxxxa
2
5 zx + pxxxxxwa16 − wxxwa13 −

1

2
z2a12 −

1

2
q2a12 −

1

2
p2a11 −

1

2
w2a11

− 1

2
a25 zxx

2 − 1

2
a15 wxx

2 − 1

2
a25 qxx

2 − 1

2
a15 pxx

2

+
1

2
a23 zx

2 +
1

2
a13wx

2 +
1

2
a23 qx

2 +
1

2
a13 px

2.

(3.6)

Here, a corresponding power density of the complex system is

Φt = |u|2 + |v|2.
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If b12 = b22, then momentum and total power are conserved, giving rise to the following conserved
densities T t and/or fluxes T x:

Linear momentum

T t = −
[
−1

2
qxz −

1

2
pxw +

1

2
zxq +

1

2
wxp

]
,

T x = −zxxxa
2
4 zx +wxxxxa

1
6wxx −

1

2
a26 zxxx

2 − 1

2
a16wxxx

2 − 1

2
a26 qxxx

2 +
1

2
qzt +

1

2
pwt

+
1

2
a14 pxx

2 − 1

2
a22 zx

2 − 1

2
a12 wx

2 +
1

2
a24 zxx

2 +
1

2
a14 wxx

2 +
1

2
a24 qxx

2

− 1

2
a22 qx

2 − 1

2
a12 px

2 − 1

2
zqt −

1

2
wpt −

1

2
a16 pxxx

2 − pxxxxa
1
5 wx + qxxxxa

2
6 qxx

− zxxxxxa
2
6 zx − wxxxa

1
5 pxx + pxxxxa

1
6 pxx − qxxxxa

2
5 zx − qxxxa

2
4 qx + wxxxxa

1
5 px

+ qxxxa
2
5 zxx − wxxxxxa

1
6 wx + wxxa

1
3 px + zxxa

2
3 qx − wxxxa

1
4wx − pxxxa

1
4 px + zxxxxa

2
5 qx

+ zxxxxa
2
6 zxx − pxxxxxa

1
6 px + pxxxa

1
5 wxx − qxxa

2
3 zx − qxxxxxa

2
6 qx − zxxxa

2
5 qxx − pxxa

1
3 wx

− 1

2
z2b22 w

2 − 1

2
z2b22 p

2 − 1

2
w2b11 p

2 − 1

2
z2b21 q

2

− 1

4
b11 w

4 − 1

4
b21 q

4 − 1

2
q2b22 p

2 − 1

4
b21 z

4 − 1

2
w2b22 q

2 − 1

4
b11 p

4.

(3.7)
Momentum density:

Φt = I(u∗ux) + I(v∗vx).
Hamiltonian:

T t =
1

2
za25 qxxxxx +

1

2
wa16 wxxxxxx +

1

2
pa14 pxxxx +

1

2
pa16 pxxxxxx +

1

2
pa12 pxx −

1

2
qa12 zx

+
1

2
qa26 qxxxxxx +

1

2
va24 qxxxx −

1

2
pa11wx −

1

2
pa13wxxx +

1

2
wa14 wxxxx − 1/2 pa15 wxxxxx

+
1

2
za22 zxx +

1

2
qa22 qxx −

1

2
qa25 zxxxxx +

1

2
wa12 wxx +

1

2
wa15 pxxxxx +

1

2
wa11 px

+
1

2
za26 zxxxxxx +

1

2
za23 qxxx +

1

2
za12 qx −

1

2
qa23 zxxx +

1

2
za24 zxxxx +

1

2
wa13 pxxx

+
1

2
z2b22w

2 +
1

2
z2b22 p

2 +
1

2
w2b11 p

2 +
1

2
z2b21 q

2

+
1

4
b11w

4 +
1

4
b21 v

4 +
1

2
q2b22 p

2 +
1

4
b21 z

4 +
1

2
w2b22 q

2 +
1

4
b11 p

4,

(3.8)

where

Φt =
1

2

[
−a11I(u∗ux)− a13I(u∗uxxx)− a15I(u∗uxxxxx)− a21I(v∗vx)− a23I(v∗vxxx)− a25I(v∗vxxxxx)

+ a12R(uu∗xx) + a14R(uu∗xxxx) + a16R(uu∗xxxxxx) + a22R(vv∗xx) + a24R(uu∗xxxx)

+ a26R(uu∗xxxxxx) +
1

2
b11|u|4 +

1

2
b21|v|4 + b22|u|2|v|2

]
.

Therefore, the conserved quantities are

P =

∫ ∞

−∞

(
|u|2 + |v|2

)
dx =

86

15B

(
A2

1 +A2
2

)
, (3.9)

M = 2i

∫ ∞

−∞
{(u∗ux − uu∗x) + (v∗vx − vv∗x)} dx =

86

15B

(
κ1A

2
1 + κ2A

2
2

)
(3.10)

and

H = ia11

∫ ∞

−∞
(uu∗x − u∗ux) dx− a12

∫ ∞

−∞
(uu∗xx + u∗uxx) dx− ia13

∫ ∞

−∞
(uu∗xxx − u∗uxxx) dx
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− a14

∫ ∞

−∞
(uu∗xxxx + u∗uxxxx) dx− ia15

∫ ∞

−∞
(uu∗xxxxx − u∗uxxxxx) dx

− a16

∫ ∞

−∞
(uu∗xxxxxx − u∗uxxxxxx) dx+ ia21

∫ ∞

−∞
(vv∗x − v∗vx) dx− a22

∫ ∞

−∞
(vv∗xx + v∗vxx) dx

− ia23

∫ ∞

−∞
(vv∗xxx − v∗vxxx) dx− a24

∫ ∞

−∞
(vv∗xxxx + v∗vxxxx) dx

− ia25

∫ ∞

−∞
(vv∗xxxxx − v∗vxxxxx) dx− a26

∫ ∞

−∞
(vv∗xxxxxx − v∗vxxxxxx) dx

− b11

∫ ∞

−∞
|u|4 dx− b21

∫ ∞

−∞
|v|4 dx− b22

∫ ∞

−∞
|u|2 |v|2 dx

=
4A2

1

3465B

[
3
{
3311a11κ1 + a12

(
3311κ21 + 9801B2

)
+ a13κ1

(
3311κ21 + 29403B2

)

− a14
(
3311κ41 + 58806κ21B

2 + 3729B4
)
− a15κ1

(
3311κ51 + 98010κ21B

2 − 18645B4
)

+ a16
(
3311κ61 + 147015κ41B

2 + 5935κ21B
4 + 40861B6

)}]

+
4A2

2

3465B

[
3
{
3311a21κ2 + a22

(
3311κ22 + 9801B2

)
+ a23κ2

(
3311κ22 + 29403B2

)

− a24
(
3311κ42 + 58806κ22B

2 + 3729B4
)
− a25κ2

(
3311κ52 + 98010κ22B

2 − 18645B4
)

+ a26
(
3311κ62 + 147015κ42B

2 + 5935κ22B
4 + 40861B6

)}]

− 5804

385B

(
b11A

4
1 + b21A

4
2 + b22A

2
1A

2
2

)
, (3.11)

which represent the total power, linear momentum and the Hamiltonian, respectively. In (3.9)–
(3.11), the parameters Aj for j = 1, 2 are the amplitudes of the solitons along u and v components
and B is their inverse width.

4. POLYNOMIAL LAW

The NLSE with polynomial (AKA cubic-quintic-septic) law for polarization-preserving fibers is
cast as

iqt + ia1qx + a2qxx + ia3qxxx + a4qxxxx + ia5qxxxxx + a6qxxxxxx +
(
b1 |q|2 + b2 |q|4 + b3 |q|6

)
q = 0.

(4.1)
The constants b1, b2, b3 come with cubic, quintic and septic effects, respectively. For birefringent
fibers, this NLSE is split. The two components are now written as

iut + ia11ux + a12uxx + ia13uxxx + a14uxxxx + ia15uxxxxx + a16uxxxxxx +
(
b111 |u|2 + b112 |v|2

)
u

+
(
b211 |u|4 + b212 |u|2 |v|2 + b213 |v|4

)
u+

(
b311 |u|6 + b312 |u|4 |v|2 + b313 |u|2 |v|4 + b314 |v|6

)
u = 0,

(4.2)

ivt + ia21vx + a22vxx + ia23vxxx + a24vxxxx + ia25vxxxxx + a26vxxxxxx +
(
b121 |v|2 + b122 |u|2

)
v

+
(
b221 |v|4 + b222 |v|2 |u|2 + b223 |u|4

)
v +

(
b321 |v|6 + b322 |v|4 |u|2 + b323 |v|2 |u|4 + b324 |u|6

)
v = 0.

(4.3)

The constants b1j1, b
2
j1, b

3
j1 and b1j2, b

2
j2, b

2
j3, b

3
j2, b

3
j3, b

3
j4 are effects from SPM and XPM, respectively,

for j = 1, 2. In this case, 4WM effect is discarded.
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Bright solitons for (4.2) and (4.3) are [17]

u(x, t) = ±

√√√√√√√
2

⎛
⎝ 15κ1

4a16 − 10a15κ1
3 + 300κ1

2a16 − 6κ1
2a14

−100a15κ1 + 3a13κ1 + a12 + 616a16 − 20a14

⎞
⎠

b112 + b111

× sech

⎡
⎣x−

⎛
⎝ 5a15κ1

4 − 6a16κ1
5 − 2a12κ1

−3a13κ1
2 + 4a14κ1

3 + a11

⎞
⎠ t

⎤
⎦ ei(−κ1x+w1t+ζ1), (4.4)

v(x, t) = ±

√√√√√√√
2

⎛
⎝ 15κ2

4a26 − 10a25κ2
3 + 300κ2

2a26 − 6κ2
2a24

−100a22κ2 + 3a23κ2 + a22 + 616a26 − 20a24

⎞
⎠

b122 + b121

× sech

⎡
⎣x−

⎛
⎝ 5a25κ2

4 − 6a26κ2
5 − 2a22κ2

−3a23κ2
2 + 4a24κ2

3 + a21

⎞
⎠ t

⎤
⎦ ei(−κ2x+w2t+ζ2). (4.5)

4.1. Conservation Laws

In general, the conserved density of the complex system is

Φt = |u|2 + |v|2.

For b112 = b122, b
3
13 = b323, b

2
12 = 2b223, b

2
13 =

1
2b

2
22, b

3
12 = 3b324 and b314 =

1
3b

3
22, the conserved momentum

density is

Φt = I(u∗ux) + I(v∗vx)
and the conserved Hamiltonian density, in terms of p, w, q and z is

T t =
1

4
b323 p

4z4 +
1

6
b221 q

6 +
1

8
b321 q

8 +
1

4
b111 p

4 +
1

4
b121 q

4 +
1

6
b211 p

6 +
1

8
b311 p

8 + z2b323 p
2w2q2

+
1

6
b322 w

2z6 +
1

4
b323w

4z4 +
1

2
z2b324 w

6 +
1

4
b222 w

2z4 +
1

8
b311 w

8 +
1

2
w2b211 p

4 +
1

4
w2b222 q

4

+
1

2
w2b311 p

6 +
1

2
b211 p

2w4 +
1

6
w2b322 q

6 + 1/2 b223 w
4q2 +

1

2
q2b121 p

2 +
1

2
q2b223 p

4 +
1

2
q2b324 p

6

+
1

4
b222 p

2q4 +
1

2
z2b221 q

4 +
1

2
z2b223 p

4 +
1

2
z2b324 p

6 +
1

2
z2b321 q

6 +
1

2
b221 q

2z4 +
1

4
b222 p

2z4

+
1

2
b321 q

2z6 +
3

4
b321 q

4z4 +
1

6
b322 p

2z6 +
1

2
b324 w

6q2 +
1

2
b311 p

2w6 +
1

4
b323 w

4q4 +
1

2
za12 qx

+
1

2
pa16 pxxxxxx −

1

2
pa15wxxxxx +

1

2
pa14 pxxxx +

1

2
wa16 wxxxxxx +

1

2
wa14 wxxxx +

1

2
wa15 pxxxxx

+
1

2
wa12wxx +

1

2
wa13 pxxx +

1

2
wa11 px +

1

2
w2b111 p

2 +
1

2
w2b121 q

2 +
3

4
b311 p

4w4 +
1

6
b322 p

2q6

+
1

4
b323 p

4q4 − 1

2
qa12 zx −

1

2
pa13wxxx −

1

2
pa11wx +

1

2
pa12 pxx +

1

2
qa26 qxxxxxx +

1

2
qa24 qxxxx

− 1

2
qa25 zxxxxx +

1

2
z2b121 q

2 +
1

2
qa22 qxx −

1

2
qa23 zxxx +

1

2
z2b121 p

2 +
1

2
za26 zxxxxxx +

1

2
za25 qxxxxx

+
1

2
za24 zxxxx +

1

2
za23 qxxx +

1

2
za22 zxx +

1

2
z2b222 p

2q2 +
1

2
b322 p

2q2z4 +
1

2
b322 w

2q2z4

+
1

2
b323 p

2w2z4 +
1

2
z2b222w

2q2 + z2b223 p
2w2 +

1

2
z2b322 p

2q4 +
1

2
z2b322 w

2q4 +
1

2
z2b323 p

4q2
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+
1

2
z2b323 w

4q2 +
3

2
z2b324 p

4w2 +
3

2
z2b324 p

2w4 + w2b223 p
2q2 +

3

2
w2b324 p

4q2 +
1

2
w2b323 p

2q4

+
3

2
b324 p

2w4q2 +
1

2
z2b121 w

2 +
1

2
z2b223 w

4 +
1

6
b211 w

6 +
1

4
b121 z

4 +
1

6
b221 z

6 +
1

8
b321 z

8 +
1

4
b111 w

4,

(4.6)
so that

Φt = −1

2

[
a11I(u∗ux) + a13I(u∗uxxx) + a15I(u∗uxxxxx)

]
+

1

4

[
a12R(uu∗xx) + a14R(uu∗xxxx)

+ a16R(uu∗xxxxxx)
]
− 1

2
[a12I(v∗vx) + a23I(v∗vxxx) + a25I(v∗vxxxxx)] +

1

4

[
a22R(vv∗xx)

+ a24R(vv∗xxxx) + a26R(vv∗xxxxxx)
]
+

1

2
b112|u|2|v|2 +

1

4
b111|u|4 +

1

6
b211|u|6 +

1

8
b311|u|8

+ b313
1

4
|u|4|v|4 + 1

6
b221|v|6 +

1

8
b321|v|8 +

1

4
b112|u|4|v|2 +

1

4
b222|v|4|u|2 +

1

2
b322|u|2|v|6

+
1

2
b324|u|6|v|2 +

1

4
b323|u|4|v|4.

Thus, the conserved quantities are

P =

∫ ∞

−∞

(
|u|2 + |v|2

)
dx =

2

B

(
A2

1 +A2
2

)
, (4.7)

M = 2i

∫ ∞

−∞
{(u∗ux − uu∗x) + (v∗vx − vv∗x)} dx =

2

B

(
κ1A

2
1 + κ2A

2
2

)
(4.8)

and

H = 12

[
ia11

∫ ∞

−∞
(uu∗x − u∗ux) dx− a12

∫ ∞

−∞
(uu∗xx + u∗uxx) dx− ia13

∫ ∞

−∞
(uu∗xxx − u∗uxxx) dx

− a14

∫ ∞

−∞
(uu∗xxxx + u∗uxxxx) dx− ia15

∫ ∞

−∞
(uu∗xxxxx − u∗uxxxxx) dx

−a16

∫ ∞

−∞
(uu∗xxxxxx − u∗uxxxxxx) dx + ia21

∫ ∞

−∞
(vv∗x − v∗vx) dx− a22

∫ ∞

−∞
(vv∗xx + v∗vxx) dx

−ia23

∫ ∞

−∞
(vv∗xxx − v∗vxxx) dx− a24

∫ ∞

−∞
(vv∗xxxx + v∗vxxxx) dx− ia25

∫ ∞

−∞
(vv∗xxxxx − v∗vxxxxx) dx

−a26

∫ ∞

−∞
(vv∗xxxxxx − v∗vxxxxxx) dx

]
+ 6b111

∫ ∞

−∞
|u|4 dx+ 4b211

∫ ∞

−∞
|u|6 dx+ 3b311

∫ ∞

−∞
|u|8 dx

+ 6b121

∫ ∞

−∞
|v|4 dx+ 4b221

∫ ∞

−∞
|v|6 dx+ 3b321

∫ ∞

−∞
|v|8 dx− 12b112

∫ ∞

−∞
|u|2 |v|2 dx

− 6
(
b313 + b323

) ∫ ∞

−∞
|u|4 |v|4 dx− 6b222

∫ ∞

−∞
|u|2 |v|4 dx− 6b112

∫ ∞

−∞
|u|4 |v|2 dx

− 12b322

∫ ∞

−∞
|u|2 |v|6 dx− 12b324

∫ ∞

−∞
|u|6 |v|2 dx

=
48A2

1

105B

[{
105a11κ1 + 35a12

(
3κ21 +B2

)
+ 105a13κ1

(
κ21 +B2

)
− 7a14

(
15κ41 − 30κ21B

2 + 7B4
)

− 35a15κ1
(
3κ41 + 10κ21B

2 + 7B4
)
+ 5a16

(
21κ61 + 105κ41B

2 + 147κ21B
4 + 31B6

)}]

+
48A2

2

105B

[{
105a11κ2 + 35a12

(
3κ22 +B2

)
+ 105a13κ2

(
κ22 +B2

)
− 7a14

(
15κ42 − 30κ22B

2 + 7B4
)

− 35a15κ2
(
3κ42 + 10κ22B

2 + 7B4
)
+ 5a16

(
21κ62 + 105κ42B

2 + 147κ22B
4 + 31B6

)}]

− 1

105B

[
8A4

1

(
105b111 + 56b211A

2
1 + 36b311A

4
1

)
+ 8A4

2

(
105b121 + 56b221A

2
2 + 36b321A

4
2

)

+48A2
1A

2
2

{
35b112+12

(
b313+b323

)
A2

1A
2
2

}
+672A2

1A
2
2

(
b222A

2
2+b112A

2
1

)
+1152A2

1A
2
2

(
b322A

4
2+b324A

4
1

)]
.

(4.9)
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5. NONLOCAL LAW

The NLSE in polarization-preserving fibers with the nonlocal law is

iqt + ia1qx + a2qxx + ia3qxxx + a4qxxxx + ia5qxxxxx + a6qxxxxxx + b
(
|q|2

)
xx

q = 0. (5.1)

The constant b accounts for nonlocal nonlinearity. For birefringent fibers, the split components are

iut + ia11ux+ a12uxx+ ia13uxxx+a14uxxxx+ ia15uxxxxx+a16uxxxxxx+
{
b11

(
|u|2

)
xx
+b12

(
|v|2

)
xx

}
u=0,

(5.2)

ivt + ia21vx + a22vxx + ia23vxxx + a24vxxxx + ia25vxxxxx+a26vxxxxxx+
{
b21

(
|v|2

)
xx
+ b22

(
|u|2

)
xx

}
v=0.

(5.3)

The constants blj for l = 1, 2 represent SPM coefficients for j = 1 and XPM coefficients for j = 2.

Bright solitons to (5.2) and (5.3) are [17]

u(x, t) =

⎧
⎨
⎩±

√
252 a16δ

2

b12 + b11
±

√
252 a16
b12 + b11

sech2

⎡
⎣x−

⎛
⎝ 5a15κ1

4 − 6a16κ1
5 − 2a12κ1

−3a13κ1
2 + 4a14κ1

3 + a11

⎞
⎠ t

⎤
⎦
⎫
⎬
⎭

× ei(−κ1x+w1t+ζ1), (5.4)

v(x, t) =

⎧⎨
⎩±

√
252 a26δ

2

b22 + b21
±

√
252 a26
b22 + b21

sech2

⎡
⎣x−

⎛
⎝ 5a25κ2

4 − 6a26κ2
5 − 2a22κ2

−3a23κ2
2 + 4a24κ2

3 + a21

⎞
⎠ t

⎤
⎦
⎫⎬
⎭

× ei(−κ2x+w2t+ζ2). (5.5)

5.1. Conservation Laws

In the system above, we let u = p+ iw and v = q + iz, so that the system splits into a system of
four PDEs whose conserved flows (T t, T x) are constructed using the multiplier approach. It turns
out that for arbitrary values of the parameters we have a single multiplier Q = (−p,−q, w, z) giving
rise to the conserved density

T t = −1

2
(p2 + w2 + q2 + z2), (5.6)

so that a corresponding conserved density of the complex system is

Φt = |u|2 + |v|2.

If b12 = b22, then the momentum and the Hamiltonian are conserved, giving rise to the following

conserved densities T t:

Linear momentum:

T t = −
[
−1

2
qxz −

1

2
pxw +

1

2
zxq +

1

2
wxp

]
(5.7)

and the momentum density is

Φt = I(u∗ux) + I(v∗vx).
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Hamiltonian:

T t =
1

2
wa15 pxxxxx −

1

2
qa12 zx +

1

2
za24 zxxxx +

1

2
w2b11 px

2 +
1

2
w2b22 zx

2 +
1

2
wa11 px

+
1

2
p2b22 qx

2 +
1

2
q2b21 zx

2 +
1

2
qa26 qxxxxxx +

1

2
za12 qx +

1

2
pa16 pxxxxxx +

1

2
p2b22 zx

2

+
1

2
q2b22 ppxx +

1

2
w2b22 zzxx +

1

2
w2b22 qqxx +

1

2
w2b11 ppxx +

1

2
q2b22wwxx

+
1

2
p2b11 wwxx +

1

2
q2b21 zzxx +

1

2
p2b22 qqxx +

1

2
z2b22 ppxx +

1

2
z2b22 wwxx

+
1

2
z2b21 qqxx +

1

2
p2b22 zzxx +

1

2
qa24 qxxxx +

1

2
wa13 pxxx +

1

2
qa22 qxx +

1

2
wa16 wxxxxxx

− 1

2
pa11 wx +

1

2
pa12 pxx +

1

2
b21 q

3qxx +
1

2
q2b22 wx

2 +
1

2
b11 p

3pxx −
1

2
pa13wxxx

+
1

2
q2b22 px

2 +
1

2
wa14wxxxx −

1

2
qa23 zxxx +

1

2
w2b22 qx

2 +
1

2
q2b21 qx

2 +
1

2
p2b11 px

2

+
1

2
w2b11wx

2 +
1

2
b11 w

3wxx +
1

2
wa12 wxx +

1

2
p2b11 wx

2 − 1

2
qa25 zxxxxx −

1

2
pa15 wxxxxx

+
1

2
pa14 pxxxx +

1

2
za26 zxxxxxx +

1

2
za23 qxxx +

1

2
b21 z

3zxx +
1

2
z2b21 zx

2

+
1

2
z2b22 wx

2 +
1

2
z2b21 qx

2 +
1

2
z2b22 px

2 +
1

2
za25 qxxxxx +

1

2
za22 zxx,

(5.8)

so that

Φt =
1

2

[
−a11I(u∗ux) + a12R(uu∗xx)− a13I(u∗uxxx) + a14R(uu∗xxxx)− a15I(u∗uxxxxx)

+ a16R(uu∗xxxxxx)− a21I(v∗vx) + a22R(vv∗xx)− a23I(v∗vxxx) + a24R(vv∗xxxx)

− a25I(v∗vxxxxx) + a26R(vv∗xxxxxx) + b11|u|2|ux|2 + b21|v|2|vx|2 + b22(|u|2|vx|2 + |v|2|ux|2)

+ b22(|u|2R(vv∗xx) + |v|2R(uu∗xx)) + b11|u|2R(uu∗xx) + b21|v|2R(vvxx)
]
.

In this case, the conserved quantities are

P =

∫ ∞

−∞

(
|u|2 + |v|2

)
dx =

4

3B

(
A2

1 +A2
2

)
, (5.9)

M = 2i

∫ ∞

−∞
{(u∗ux − uu∗x) + (v∗vx − vv∗x)} dx =

4

3B

(
κ1A

2
1 + κ2A

2
2

)
(5.10)

and

H = ia11

∫ ∞

−∞
(uu∗x − u∗ux) dx− a12

∫ ∞

−∞
(uu∗xx + u∗uxx) dx− ia13

∫ ∞

−∞
(uu∗xxx − u∗uxxx) dx

− a14

∫ ∞

−∞
(uu∗xxxx + u∗uxxxx) dx− ia15

∫ ∞

−∞
(uu∗xxxxx − u∗uxxxxx) dx

− a16

∫ ∞

−∞
(uu∗xxxxxx − u∗uxxxxxx) dx+ ia21

∫ ∞

−∞
(vv∗x − v∗vx) dx− a22

∫ ∞

−∞
(vv∗xx + v∗vxx) dx

− ia23

∫ ∞

−∞
(vv∗xxx − v∗vxxx) dx− a24

∫ ∞

−∞
(vv∗xxxx + v∗vxxxx) dx− ia25

∫ ∞

−∞
(vv∗xxxxx − v∗vxxxxx) dx

− a26

∫ ∞

−∞
(vv∗xxxxxx − v∗vxxxxxx) dx− b11

∫ ∞

−∞
|u|2

{
|ux|2 + (uu∗xx + u∗uxx)

}
dx

− b21

∫ ∞

−∞
|v|2

{
|vx|2 + (vv∗xx + v∗vxx)

}
dx− b22

(
|u|2 |vx|2 + |v|2 |ux|2

)
dx
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=
4A2

1

315B

[{
210a11κ1 + 42a12

(
5κ21 + 4B2

)
+ 42a13κ1

(
5κ21 + 12B2

)
− 6a14

(
35κ41 + 168κ21B

2 + 80B4
)

− 30a15κ1
(
7κ41 + 56κ21B

2 + 80B4
)
+ 6a16

(
35κ61 + 420κ41B

2 + 1200κ21B
4 + 448B6

)}]

+
4A2

2

315B

[{
210a21κ2+42a22

(
5κ22+4B2

)
+42a23κ2

(
5κ22+12B2

)
−6a24

(
35κ42 + 168κ22B

2 + 80B4
)

− 30a25κ2
(
7κ42 + 56κ22B

2 + 80B4
)
+ 6a26

(
35κ62 + 420κ42B

2 + 1200κ22B
4 + 448B6

)}]

− 32

315B

{
b11A

4
1

(
9κ21 + 20B2

)
+ b21A

4
2

(
9κ22 + 20B2

)
+ 3b22A

2
1A

2
2

(
3κ21 + 3κ22 − 4B2

)}
.

6. CONCLUSIONS

This paper secures conservation laws for HD solitons in birefringent fibers that have three
forms of nonlinear refractive index. They are Kerr law, polynomial law and nonlocal law. The
three conservation laws that emerge with the application of multiplier scheme are power, linear
momentum and Hamiltonian. The conserved quantities are computed from the bright 1-soliton
solutions that have been reported in an earlier work [17]. Later, this work needs to be extended
further. The next avenue to move to is to address the model with DWDM topology. Thus, HD
solitons will be addressed with DWDM topology and finally their conservation laws will be studied.
Hence, there is a lot up on the table for grabs. Those results are currently awaited.
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