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Abstract—This paper implements mathematically rigorous extended trial function algorithm to address
cubic–quartic optical solitons in birefringent fibers having Kudryashov’s law of nonlinear refractive index.
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optical solitons emerge from this analytical scheme.
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1. INTRODUCTION

Two important concepts were developed during the
past couple of years. They are the cubic–quartic
(CQ) solitons [3, 9] and Kudryashov’s equation,
namely Kudryashov’s law of nonlinear refractive
index [1, 4–7, 10]. CQ solitons is an extension of
pure-quartic solitons that was first proposed during
2016 [3]. Subsequently, the concept of CQ solitons was
merged with Kudryashov’s law and consequently the
concept of CQ optical solitons with Kudryashov’s law
of refractive index was conceived. Some preliminary
results were reported from this new concept for polar-
ization-preserving optical fibers only [1]. The current
paper extends the same dynamics to birefringent fibers
for polarization-mode dispersion. There are three
cases for the power-law nonlinearity parameter, in
Kudryashov’s form of refractive index, that are taken
into account. These three parameter values are within
the domain of existence of the solitons as reported in
earlier works. The mathematically rigorous extended
trial function scheme is applied to all of the three
cases successfully to reveal soliton solutions to the
model in birefringent fibers. The results are all enu-
merated in the subsequent sections after an introduc-
tory discussion.

1.1. Governing Model
The governing CQ equation with Kudryashov’s

form of nonlinear refractive index in polarization-pre-
serving fiber is given below [1]:

(1)

with i = , where the first term is the linear tempo-
ral evolution, while a represents third-order dispersion
(3OD) coefficient and b is the coefficient of fourth–
order dispersion (4OD). The constant coefficients cj
for j = 1, 2, 3, 4 give self-phase modulation (SPM)
effect. The next subsections will introduce the model
in birefringent fibers with three cases at n = 1, n = 2
and n = 3. The details are given in the next three sub-
sections.

1.1.1. Case 1: (n = 1). For optical fibers with differ-
ential group delay, KE (1) splits into two components
due to birefringence at n = 1. Then, the vector-coupled
KE reads
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(3)

where al, bl, cl, dl, pl, ql, rl, αl and βl for l = 1, 2 are con-
stants, while the independent variables x and t stand
for spatial and temporal variables, respectively and the
dependent variables u(x, t) and v(x, t) are wave profiles
along the two components. The coefficients al and bl
are real parameters that independently controls 3OD
and 4OD respectively, while the coefficients pl, ql and
rl represent the combination of SPM and cross phase
modulation effects (XPM). The coefficients cl and αl
give SPM and the coefficients dl and βl are XPM,
respectively.

1.1.2. Case 2: (n = 2). For optical fibers with differ-
ential group delay, KE splits into two components
from the effect of birefringence at n = 2. In this case,
the governing coupled KE is given by

(4)

(5)

where al, bl, cl, dl, el, fl, gl, pl, ql, αl, βl, ξl, ηl and ζl for
l = 1, 2 are constants. The coefficients al and bl are real
parameters that independently controls 3OD and
4OD respectively, while the coefficients pl, ql and ηl
represent the combination of SPM and XPM. Also,
the coefficients cl, fl, αl and ξl are SPM, while the coef-
ficients dl, el, gl, βl and ζl are from XPM, respectively.

1.1.3. Case 3: (n = 3). For optical fibers with differ-
ential group delay, KE splits into two components
because of birefringence at n = 3. Thus, KE in bire-
fringent fibers is

(6)
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(7)

where al, bl, cl, dl, el, fl, gl, hl, pl, ql, αl, βl, ξl, η, ζ and θl
for l = 1, 2 are constants. The coefficients al and bl are
real parameters that independently controls 3OD and
4OD respectively, while the coefficients gl, hl, pl, ql, αl,
βl, ηl, ζl stand for the combination of SPM and XPM.
Also, the coefficients cl and ξl are SPM, while the
coefficients dl, el, fl and θl are XPM, respectively.

2. MATHEMATICAL ANALYSIS

2.1. Case 1: (n = 1)

To kick off, the initial hypothesis is selected as [2]:

(8)
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and v the speed of the soliton. The phase φ has the
form:
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Here, κ is the frequency, ω is the wave number and ω
is the phase constant. Substitute (8) and (9) into (2)
and (3). Then, real parts give
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Now, differentiating (14) and (15) brings about
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and then (12) and (13) modify to

(18)

(19)

Next, setting

(20)
where λ ≠ 0 and λ ≠ 1, then (18) and (19) can be written as

(21)

(22)

where λ1 = . Equations (21) and (22) have the
same form under the following constraint conditions:

(23)

( )2 3
(4) 1 1 1

1
1 2

''3 4 ,
4

a b PP
a b

+ κ − κ=
− κ

v

( )2 3
(4) 2 2 2

2
2 2

''3 4 ,
4

a b PP
a b

+ κ − κ=
− κ

v

( )

( )

( )

2 2 3
1 1 1 1 1

1
1 1

3 1 1
1 1 1 2 2

1 1 1 2

2 2 2 21 1
1 1 1 2 1 1 1 2 12 2

1 2

3 15 20 ''
4

0,

a a b b b P
a b

p Pb a P
c P d P

q P r P P P P P P
P P

 κ − κ + + κ
 − κ 

+ κ − ω − κ +
+

+ + + + α + β =
+

v

( )

( )

( )

2 2 3
2 2 2 2 2

2
2 2

3 2 2
2 2 2 2 2

2 2 2 1

2 2 2 22 2
2 2 1 2 2 2 2 1 22 2

1 2

3 15 20 ''
4

0.

a a b b b P
a b

p Pb a P
c P d P

q P r P P P P P P
P P

 κ − κ + + κ
 − κ 

+ κ − ω − κ +
+

+ + + + α + β =
+

v

2 1,P P= λ

( )

( )( )

( )

2 2 3
1 1 1 1 1

1 1
1 1

3 21 1
1 1 1 12

11 1
3 2 4

1 1 1 1 1 1

3 15 20 ''
4

0,

a a b b b P P
a b

p q P a b P
c d

r P P

 κ − κ + + κ
 − κ 

+ + − ω + κ − κ
λ+ λ

+ λ + α + β λ =

v

( )

( )( )

( )

2 2 3
2 2 2 2 2

1 1
2 2

3 22 2
1 2 2 12

12 2
3 2 4

2 1 1 2 2 1

3 15 20 ''
4

0,

a a b b b P P
a b

p q P a b P
c d

r P P

 κ − κ + + κ
 − κ 

+ + − ω + κ − κ
λλ +

+ λ + α λ + β =

v

21 + λ

( ) ( )( )
( ) ( )( )

( ) ( )

2 2 3
1 1 2 2 2 2 2

2 2 3
2 2 1 1 1 1 1

2 2
1 2 2 2 1 1

4 3 15 20

4 3 15 20

,

a b a a b b b

a b a a b b b

p c d p c d

− κ κ − κ + + κ
= − κ κ − κ + + κ

λ + = + λ

v

v

1 2

1 1 2 2

,
,

q q
a b a b

=
− κ = − κ

1 2
2 2

1 1 2 2

,

.

r r=
α + β λ = α λ + β
JOURNAL OF COMMUNICATIONS TECHNO
Therefore Eq. (21) will now be studied, in the subse-
quent subsection, to reveal cubic–quartic solitons to
the model under the conditions given by (23).

2.1.1. Extended trial function. Suppose the formal
solution of Eq. (21) is structured in the form [1]:
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that need to be designated, such that the constants ,
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(32)

(33)

If Θ(ψ) = (ψ – δ1)3(ψ – δ2), δ2 > δ1,  and s0 = 0, rational function solution is procured as:
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where

(40)
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Here, the soliton amplitude and its inverse width are
respectively given by  and . The condition  < 0
is necessary in order for the solitons that are revealed
to exist.

Finally, if Θ(ψ) = (ψ – δ1)(ψ – δ2)(ψ – δ3)(ψ – δ4),
δ1 > δ2 > δ3 > δ4,  and s0 = 0, Jacobi elliptic
function (JEF) solutions are derived as:
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Remark 2. If k → 0, in this case, periodic singular solutions are
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2.2. Case 2: (n = 2)
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Then Eqs. (58) and (59) change to

(61)

(62)

Equations (61) and (62) have the same form under the
constraint conditions given by

(63)

So Eq. (61) will now be examined, in the next subsec-
tion, in order to secure cubic–quartic solitons to the
governing equation considering the conditions (63).

2.2.1. Extended trial function. Balance of the terms
UU '' or (U ')2 with U4 appeared in (61) gives rise to

(64)

For ρ = 0, ς = 1 and σ = 4,
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Inserting (65) into (61) gives
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where
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Then, (26) shapes up
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Integrating the last equation, one recovers the following exact solutions to the model:
For Θ(ψ) = (ψ – δ1)4,  and s0 = 0, plane wave solutions are:
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(70)

If Θ(ψ) = (ψ – δ1)3(ψ – δ2), δ2 > δ1,  and s0 = 0, rational function solution is:
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However, when Θ(ψ) = (ψ – δ1)2(ψ – δ2)2,  and s0 = 0, cubic–quartic singular solitons are:

(73)

(74)

Whenever Θ(ψ) = (ψ – δ1)2(ψ – δ2)(ψ – δ3), δ1 > δ2 > δ3,  and s0 = 0, cubic–quartic bright soliton is:
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(78)

(79)

Here, the soliton amplitude and its inverse width are respectively indicated by  and . The condition < 0
is necessary in order for the solitons obtained to exist.

Finally, if Θ(ψ) = (ψ – δ1)(ψ – δ2)(ψ – δ3)(ψ – δ4), δ1 > δ2 > δ3 > δ4,  and s0 = 0, JEF solutions are:
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Remark 3. For k → 1, from (80) and (81), cubic–quartic singular optical solitons are constructed as
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Remark 4. If k → 0, in this case, periodic singular solutions are

(88)

(89)

where δ2 = δ3.

2.3. Case 3: (n = 3)

Upon inserting (8) and (9) into (6) and (7), the real part equations are
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where . For recovering closed form solutions, the transformation
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is applied to Eqs. (95) and (96). Thus Eqs. (95) and (96) change to
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Employing these results, one can be rewritten (26) as

(105)

As a results, the solutions for the governing model are listed as follows:

For Θ(ψ) = (ψ – δ1)4,  and s0 = 0, plane wave solutions are:
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If Θ(ψ) = (ψ – δ1)3(ψ – δ2), δ2 > δ1,  and s0 = 0, rational function solution is:
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(110)

(111)

χ ψ ψ± − = = ϑ
μ μ μ Θ ψμ μψ + ψ + ψ + ψ +

μ μ μ μ

 0
0 3

4 3 24 3 02 1

4 4 4 4

( ) .
( )

d ds s

0 1 1= − δ� �

( ) ( )( )

1 3
1 3

2
1 4 2 3 1 0

1 4
3 2

4 1 1 0 6 1 2 0 2 2 1

4

( , )
4 9

4
2 10 3 4 5 5exp ,

20

u x t
x t

b
b ai x t

ϑ = ± 
 κ μ + χ +   μ   

    μ κ κ − + λ + − μ× −κ + + θ   μ    

�

�

� � �

e e e

e e e

( ) ( )( )

1 3
1 3

2
1 4 2 3 1 0

1 4
3 2

4 1 1 0 6 1 2 0 2 2 1

4

( , )
4 9

4
2 10 3 4 5 5exp .

20

x t
x t

b
b ai x t

ϑ = λ ± 
 κ μ + χ +   μ   

    μ κ κ − + λ + − μ× −κ + + θ   μ    

v

�

�

� � �

e e e

e e e

0 1 1= − δ� �

( )

( ) ( )( )

1 32
1 3 2 1

22
2 1 4 2 3 1 0
3 1 2

1 4
3 2

4 1 1 0 6 1 2 0 2 2 1

4

4( , )
4 94 ( )

4
2 10 3 4 5 5exp ,

20

u x t

x t
b

b ai x t

 ϑ δ − δ=  
     κ μ + χϑ − δ − δ +     μ      

    μ κ κ − + λ + − μ× −κ + + θ   μ    

�

�

� � �

e e e

e e e

( )

( ) ( )( )

1 32
1 3 2 1

22
2 1 4 2 3 1 0
3 1 2

1 4
3 2

4 1 1 0 6 1 2 0 2 2 1

4

4( , )
4 94 ( )

4
2 10 3 4 5 5exp .

20

x t

x t
b

b ai x t

 ϑ δ − δ= λ  
     κ μ + χϑ − δ − δ +     μ      

    μ κ κ − + λ + − μ× −κ + + θ   μ    

v

�

�

� � �

e e e

e e e

0 1 1= − δ� �

( )

( ) ( )( )

1 32
1 4 2 3 1 01 2 1 1 2

3 1 4
3 2

4 1 1 0 6 1 2 0 2 2 1

4

4 9( , ) 1 coth
2 2 4
2 10 3 4 5 5exp ,

20

u x t x t
b

b ai x t

      κ μ + χδ − δ δ − δ= +       ϑ μ      

    μ κ κ − + λ + − μ× −κ + + θ   μ    

∓
��

� � �

e e e

e e e

( )

( ) ( )( )

1 32
1 4 2 3 1 01 2 1 1 2

3 1 4
3 2

4 1 1 0 6 1 2 0 2 2 1

4

4 9( , ) 1 coth
2 2 4
2 10 3 4 5 5exp .

20

x t x t
b

b ai x t

      κ μ + χδ − δ δ − δ= λ +       ϑ μ      

    μ κ κ − + λ + − μ× −κ + + θ   μ    

∓v

��

� � �

e e e

e e e
JOURNAL OF COMMUNICATIONS TECHNOLOGY AND ELECTRONICS  Vol. 65  No. 12  2020



1396 ANJAN BISWAS et al.
Whenever Θ(ψ) = (ψ – δ1)2(ψ – δ2)(ψ – δ3), δ1 > δ2 > δ3,  and s0 = 0, cubic–quartic bright soliton is:

(112)
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where
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Here,  and  stand for the amplitude of soliton and its inverse width respectively. The condition  < 0 is
necessary in order for the solitons to exist.
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Remark 5. When k → 1, from (117) and (118), cubic–quartic singular optical solitons are obtained as

(123)

(124)

where δ3 = δ4.
Remark 6. For k → 0, in this case, periodic singular solutions are

(125)

(126)

where δ2 = δ3.

3. CONCLUSIONS

Today’s paper successfully retrieved bright and sin-
gular CQ optical solitons to a brand new model. It is
with Kudryashov’s law of refractive index and that too
with polarization mode dispersion. The rich and
famous extended trial function approach made these
solitons retrieval possible. The results were recovered
for three integer values of the power law parameter n.
One limitation of this approach is noticeably clear.
The algorithm fails to recover dark soliton solutions.
Nevertheless, the spectrum of soliton solutions thus
recovered has yielded an abundance of opportunity to
proceed further along in a variety of other avenues. An
immediate thought is to recover the conservation laws
for the model. One additional extension is to locate the
governing model with DWDM topology and retrieve
its soliton solutions along with the conservation laws.
Yet another avenue is to study the model with frac-
tional temporal evolution that has been successfully
applied to complex Ginzburg–Landau equation [8].

Such studies are all under way and the results will be
disseminated with time.
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