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Abstract—In this work, Kudryashov’s equation is studied with Lie symmetry analysis, which is implemented
to describe the propagation pulses in an optical fiber. The equation is converted into system of ordinary dif-
ferential equations with similarity transformations. These gave way to bright, dark and singular optical soliton

solutions to the model.
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1. INTRODUCTION

Optical solitons are aggressively pursued with sev-
eral models that have existed since the past few
decades [1—17]. There are several equations that have
been lately proposed to address the dynamics of soli-
ton propagation through a variety of waveguides such
as optical fibers, crystals, metamaterials, PCF and
magneto-optic waveguides. The most familiar model
is the nonlinear Schrodinger’s equation [2, 7, 11, 15].
A few other models, governing soliton dynamics, are
Biswas—Arshed equation [8, 16], Triki—Biswas equation
[1, 10], and the Radhakrishan—Kundu—ILaksmanan
equation [13] that come with different forms of nonlinear
refractive index. Recently, N. Kudryashov proposed a
law of refractive index that led to Kudryashov’s equation
(KE) [9]. KE is used to describe the propagation pulses in
an optical fiber. The solutions to KE have been recovered
with extended trial function [4], F-expansion [5] and
undetermined coefficients [6]. The current paper han-
dles KE by Lie symmetry analysis.

Here, first we generate infinitesimals and Lie sym-
metries of KE. Then two vector fields are obtained.
With the help of these vector fields, the governing
equation is reduced into system of ordinary differential
equations (ODEs). Then exact optical soliton solu-

! The text was submitted by the authors in English.

tions of system of ODEs are recovered. Finally, the
corresponding bright, dark and singular optical soliton
solutions of governing equation are presented.

1. 1. Governing Model
The dimensionless form of KE is given by [4—6, 9]

iq, +aq,, + (b|q|2" + c|q|" + g|q|_" + h|q|_2")q =0. (1)

In Eq. (1), the first term indicates the linear tem-
poral evolution and « indicates the coefficients of
chromatic dispersion. The remaining terms are nonlin-
ear and stem from the law of refractive index of an optical
fiber and gives self-phase modulation effect to the model.
Atn=1;bytakingg=h=0andc=g=h=0, the model
referred as parabolic law and Kerr law respectively,
which has been extensively studied. Other special cases
are power law and dual-power laws of nonlinearity
that has also been extensively studied. The goal of the
current paper will address Eq. (1), as it stands, exten-
sively and exhaustively by Lie symmetry analysis.

2. LIE SYMMETRY ANALYSIS

In this section, we will employ Lie classical method
[18—20] on Eq. (1) in order to obtain the infinitesi-
mals. To achieve this goal, let us consider
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q(x,1) = u(x,t)exp[iv(x,1)], 2)

where u and v are real-valued functions. Equation (2)
transforms Eq. (1) into imaginary and real portions as

2
—uv, —auv

S E)

u, +2auy, +auv,, =0, au,,
+ b +cu" +gu" + hu " = 0.
For the system of equations (3), let us consider
one-parameter (€) transformations as
x* = x+e§(x,tu,v)+ o),
r* :t+8t(x,t,u,v)+0(£2), @
uw* =u+en(x,tuv)+ 0),
vE=v +e0(x,tuv)+ OE),

0 = anv,, +aud™ +2a (nxvx + d)xux) +7,
0=an™ - 2auv,®" —ud’ — (avi + v,)n + [(2}1 + 1) bu” +(n+1)cu" —(n—1)gu™" — (2n - l)hufz"]n.

Substituting the values of infinitesimals %, 1, ¢~,
o', ¢, and N, and by equating the coefficient of var-
ious derivative terms equal to zero, we get the system
of PDEs. By solving this system, we get

E=C,+1C, 1=C, n=0, ¢=c3+2ic4, (8)
a

where C,, C,, C;, and C, are arbitrary constants.
Hence Lie algebra of system (3) is spanned by the
infinitesimal generators as
h=2 =9 p=2 y=124X9 (
ot 0x dv ox 2adv
The commutation relations determined of V,, V,,
V;, and V, are given by

Vi.val=0, Myi]=0, [KV.]=V,,

14

10
varl=0, =2 o
a

) [1/19[/4] = 0

3. SYMMETRY REDUCTION
AND INVARIANT SOLUTIONS

To derive invariant solutions of system (3), we have
to solve the corresponding characteristic equation
given as

dx _dr _du_dv

E = mn ¢
where &, T, 1, and ¢ are presented by (8). To solve
characteristic Eq. (11), we will consider two cases of
vector fields: (i) ¥V, and (ii) V5 + BV, + uV,, where 3 and
WL are arbitrary non-zero real numbers.
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where &, T, 1, and ¢ are infinitesimals, depending
upon Xx, t, u, v, have to be determined.

The vector field associated with these transforma-
tions is
V =£Ed, +19, +Md, + 09d,. %)

For system of equations (3), the second prolonga-
tions formula [19, 20] are

P 7 7 RS SR R S
ou, av, oy, ov,, ©)
Op —y x 0 L0 X"i,
b te v, te v, o du,,

where 1%, 1, ¢%, ¢', ¢, and ™ are extended infinites-
imals.

From the invariance conditions pr®V(A) = 0
whenever A =0 in(3), we have

(7)

3.1. Case (i): V,

By solving characteristic Eq. (11), we have follow-
ing similarity variables:

s=t, ulx,t)=P(s), v(x,t)= x_2 + 0(s), (12)
4at

where P and Q are new dependent variables, which
depends upon s.

Using (12) in (3), we have

p+lp=o,
2s

Q' — (6P +cP" +gP™" + hP™") =0,

(13)

(14)

where prime represents derivative w.r.t. s. From (13),
we have

P(s) =k /s,

where k; is arbitrary constant.

(15)

By substituting (15) into (14) and solving, we have
following cases:

(a) When n = -2

4

1bs® | 1cs® 2 hk
s)=-2+-=_t ok Ins——L +k,. 16
(11) O(s) TS 8ki : > (16)
(b) Whenn=—1
1 bs* 2cs3/2 2
s)==25 285 4 ook s+ hkiins + k. (17
Q() 2k12 3 8Ky 1 3. (17)
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(c) Whenn=1
32
2gs" 1 hs’
bk Ins + 2ckis + 28—+ 205 4k, (18
0(s) = bk s+ 3E s Bk )
(d) Whenn =2
4
0(s) = -~ 2K ¢ ks + 1&+lhi+ks (19)
K 2k1 ?>k1
(e) Whenn# -2, —1, 1, and 2
2n 2ckn
(S) - _ l—n _ 1 Slfn/Z
. - =2 (20)
4 2gk," S1+n/2 +hk1 sl+"+k6,
n+2 n+1

where k,, k3, k4, ks, and kg, are arbitrary constants.
Hence, corresponding solution of (1) is given by

q(x,1) :%exp[ (E+QH

where Q is given by (16)—(20) and s is given by (12).

(21)

3.2. Case (ii): V; + BV, + WV,
By solving characteristic Eq. (11), we have follow-
ing similarity variables:

p=px—Bt, u(x,n)=M@p), v(x,0)= ﬁ +N(p),(22)

where M and N are new dependent variables, which
depends upon p.

Substituting (22) in (3), we have

(2au —B* +2aB*N') M" + aPp>MN" =0,  (23)

af’WM" + ':([33 - ZauB)N' —a-— aB2u2N'2J M o
+ B (sz" +eM"+gM™" + hM‘z")M =0, @9

where prime represents derivative w.r.t. p. Double
integral of (23) gives

N=B- Ldp+k, @)

2aBu "2 Bu I
where k; and kg are arbitrary constants.

Substituting (25) into (24), we have

2 2
pr= LAy 1 k7 M
(le+2n + Ml+n +ng n +hMl 2n)
au
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(a) When n = -2, Eq. (26) can be written as

2
4 Jut a’|u 4q° B
~ L (oM™ v M7 + g + ht?).
ap
Integrating (27), we have

M—3
(27)

My
2 8 a2u4

—L(—’iM 2belnM +E Mt +
2 4

ap
where k, is arbitrary constant.
Assuming M?*(p) = A(p) and ¢ = 0; Eq. (28) trans-
form into

l4au-P L 1 ko
= M —gazBﬁM

hM) k’
6 8

(28)

(A')2=—4h2A 2gA+4au BA
3ap a},t ap,L

ki 4b
+ koA —[ﬁ——zj-
afp ap

Equation (29) can be written as

(29)

(AY =oud* + oA’ + o, A> + oA+ os,  (30)

where

(31

ks 4b
oy = ko, Os = _[azﬁ;w _a_uzj'

(b) When n = —1, Eq. (26) can be written as
2

YRR i VA W

4 a’u 44°Bu

~ L (oM™ e+ gM? 4 hM?),
aup
Integrating (32), we have

M—3

(32)

)
(M) _14aM—BzM2 1k M2
T e 2.4 TQ 22 4

2 8 a’u 8aPu
@M4)+
4

(33)

—%(blnM+c+§M3+ ko

ap 3

where k), is arbitrary constant.
Assuming M(p) = A(p), k, =

transform into Eq. (30), where

0 and b =0; Eq. (33)

h o __ 2 _ dau -’

402H4

(34)
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(c) When n = 1, Eq. (26) can be written as
1 K

2
1‘/[":l4auz_4B M+-—= 4]‘4_3
- Lz(bM3 +cM? +g+hM™).
au
Integrating (35), we have
"2
(M) :l4au—[32 e 1 k72 e
2 8 a2u4 8a2B2M4 (36)
- Lz(élnM#M3 +gM+hM4)+ﬁ,
an”\4 3 2

where k|, is arbitrary constant.
Assuming M(p) = A(p), k; = 0 and 4 = 0; Eq. (36)
transform into Eq. (30),where

b 2
O(‘lz__z’ o, =— cz’ 03
2au 3ap
28
ap’’
(d) When n = 2, Eq. (26) can be written as
Ll ke

4 a232u4
~ L (oM e + g™+ ).
ap
Integrating (38), we have
2

2
M’ B’ _
( ) :l4auz 4B M’ -1 2k; M ’
2 8 a [V 8a B 3
- Lz(IZM6 +EM 1 gin M —’iM‘z) LTS
au” \6 4 2 8
where ki, is arbitrary constant.
Assuming M*(p) = A(p) and g = 0; Eq. (39) trans-
form into Eq. (30), where

_ 4au — B’
aa’

(37)
Os = k.

2
M= L4au—B

-3
4 a2u4 M

(38)

(39)

4b 2 4ap — B°
o =- PR o, = _sz (X'3=u2—4[37
3ap apu au (40)
4h K
Oy = Kipy 05 =—5—— 5.
aw”  aPp

(e) In the case of n # —2, —1, 1, 2, by integrating
Eq. (26), we have

(M')2:14au—B2M2_L( b
2 8 a'ut ap’ \2n + 2

2n+2

L€ oy 8 g h2 szzn) (41)
n
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Let us assume M(p) = A'/"(p), we have

2
%AZ/n (A,)z _ l4au2—4[3 L _Lz( b L2/
2n 8 au au” \2n +2
b O g & g h A2/n—2) (42)
n+2 2—n 2-2n
— l k72 —2/n + ﬁ
802[32“4 >

Multiplying Eq. (42) by n?4%>~?/" and taking k, = 0
and k;; = 0, we have

"2 bn’ 4 2cn’ 3
(A) =- 2 ) A
aw (n+1) apw (n+2) (43)
R2\2 2 2
+(4a“2B4)n A+ 22gn A+ Zhn .
4a"u a (n—2) al (n—1)
Equation (43) is similar to Eq. (30), where
2 2
0 = — 2bn o, =— 22011 ’
apw“(n+1) apw’ (n+2)
2, 2
o = (40}1 _2 B4 )I’l , (44)
4a’n
2gn° hn
Oy = 38— o=
auw (n—2) aw (n—1)

Relation between parameters a, b, ¢, g, h, and n
of (1) and parameters Q;, 0, O3, 04, and 05 of (30) in
order to derive the solutions M(p) of (26) is given by
following Table 1.

3.3. Soliton Solutions to Equation (30)
To derive the general solution of the equation

(45)

one can use substituting methods [11, 12, 16, 17]. In
[9], the author expressed the general solution of
Eq. (45) in the form of Weierstrass and Jacobi elliptic
function. Here we obtained the bright, dark and singu-
lar soliton solutions of Eq. (45).

3.3.1. Bright solitons. Let us assume

(14,)2 = (XIA4 + a2A3 + (X3A2 + OL4A + 065,

2
_ 1oy(40,04 —013)
oy =-—"""—5—"—,

8 oc,z
_ 1 o5 (160,01, — 5003)
° 256 o '

Then the solution of Eq. (45) is given by

n+2 2-n 2= Alp)=-1%+ L J6o2 — 16040,
1 K2 k 40, 4o,
— M+ R yr—— (46)
8aBu 2 Xsech—/#pikm,
where k5 is arbitrary constant. 4 o
PHYSICS OF WAVE PHENOMENA  Vol. 28 No. 3 2020
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Table 1. Relation between parameters of Egs. (1) and (30) in order to derive the solutions M(p) of (26)

Parameters oy (o3 03 Oly Ols M(p)

=-2, 4h 2g 4ap — B* K 4b
- —-=5 k |7 _4ab /
c=0 3ap’ ap’ At ? 2B al Alp)
n=_l, h 28 4ap — p* 2c
_ _ = k A
k;=b6=0 2ap’ 3ap’ 4a’p* ap 10 ®
n=l S~ 2 4ap — B’ _ 28 ki A(p)
ks=h=0 2ap’ 3au’ 4a’u? ap
n=2, _ 4b 2 4ap — B? X 4h Kk
g=0 3au2 ap (12H4 12 auz azﬁzpf VA@P)
n*-2-1,12, bn’ 2en’ (4ap — B*Hn’ 2gn’ hn’ \n
ki=k;=0 ) T 2 4 P P AV"(p)
7 13 au (n+1) aw (n+2) 4a’ apw (n—2) aw (n—1)
where k4 is arbitrary constant. Hence corresponding Then the solution of Eq. (45) is given by
bright soliton solution of Eq. (1) is given by la
A(p) = 2+—\/16ococ - 6005
(x t) (p) 4 0(1 3YM 2
(50)

o (ovexo] [ B 2an 1 7
_M(p)epuﬁ 0B’ _zdp+k8ﬂ’

where p = px — Brand the values of M depending upon
various parameters and the function A as discussed in
Table 1 and A is given by (46).

3.3.2. Dark solitons. Let us assume

_ 10,400 — 00))
8 o

_ 1 on(4os0 — o))
Y 64 0(13 '

Then the solution of Eq. (45) is given by

40, 4o,

xtanh{l /Mpikw},
4 (of

where ks is arbitrary constant. Hence corresponding
bright soliton solution of Eq. (1) is given by

(48)

q(x, f)=M(p)
« X B — 2au (49)
e p{ (B 20Bu p+2ocBu I_derkSH

where p = Ux — Brand the values of M depending upon
various parameters and the function A as discussed in
Table 1 and A is given by (48).

3.3.3. Singular solitons. Let us assume

10, (40504 — 0‘%)
8 oclz

__ OL2(160C30(1 - 50‘2)
) 5 —

oy, =
* 256 o
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X csch l,fupikm ,
4 oy

where k4 is arbitrary constant. Hence corresponding
bright soliton solution of Eq. (1) is given by

q(x,1) =M (p)
X x B —2au 1 (S1)
e p{ (B 20Bp’ - 206[3;1j p+k8ﬂ

where p = ux — Brand the values of M depending upon
various parameters and the function A as discussed in
Table 1 and A4 is given by (50).

The constraint conditions or existence criteria for
these solitons are given as

oy (80504 —303) > 0, (52)

for bright and singular solitons, while for dark solitons
one needs to have

oy (80,04 — 3053 ) < 0. (53)

4. CONCLUSIONS

This paper studied KE to secure bright, dark and
singular soliton solutions to the model. The existence
criteria for such solitons are also enumerated. These
constraints guarantee the formation of such solitons.
The results are thus strongly encouraging to pursue
this avenue of research, further along. Later on, the
model will be extended to study soliton dynamics with
KE in birefringent fibers and DWDM topology. Addi-
tional optoelectronic devices are also going to be
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touched base upon. These would be magneto-optic
waveguides, optical metamaterials, optical couplers
and several such. Those results are currently awaited
and they would be reported with time.
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